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Abstract—Speech enhancement based on statistical models has
been studied for several decades. Recently, the speech enhancement
adopting a speech power spectral density (PSD) uncertainty model
has been proposed. This approach distinguishes the true speech
PSD from its estimate and considers both as random variables.
It incorporates a prior distribution of speech spectra and speech
PSD estimators to derive the PSD uncertainty-aware counterpart to
conventional clean speech estimators, which results in performance
improvement. However, the speech PSD uncertainty model has not
yet been adopted for parameter estimations such as a posteriori
speech presence probability (SPP), noise PSD, and speech power
spectra estimations in the speech enhancement framework. In this
paper, we incorporate the speech PSD uncertainty model to all
the components of the statistical model-based speech enhance-
ment framework by deriving PSD uncertainty-aware counterparts
to conventional parameter estimators. Specifically, we derive the
a posteriori SPP where the likelihood function for each hypothe-
sis is based on the speech PSD uncertainty. With this a posteriori
SPP, a novel SPP-based noise PSD estimator is derived. Also, we
derive the minimum mean-square error (MMSE) estimator for the
power spectrum of the clean speech in the current frame under
speech PSD uncertainty which is exploited to refine the speech PSD
estimator. Finally, the refined speech PSD estimator is incorporated
into the spectral gain function based on the speech PSD uncertainty
model. The proposed approach showed improved noise PSD esti-
mation performance in terms of the averaged logarithmic error
distance, and improved speech enhancement performance in terms
of the noise reduction, segmental signal-to-noise ratio, perceptual
evaluation of speech quality (PESQ) scores and short-time objective
intelligibility in our experiments. It also exhibited comparable
performance with a real-time deep learning-based speech enhance-
ment system in terms of the PESQ scores and composite measures
for the VoiceBank-DEMAND dataset.

Index Terms—MMSE estimation, noise PSD estimation, spectral
speech enhancement, speech presence probability, speech PSD
estimation, uncertainty.
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I. INTRODUCTION

IN MANY applications such as voice communication [1],
hearing aids [2], [3] and speech recognition [4], the en-

vironmental noise often degrades the perceived quality and
intelligibility of the speech signal. To address this problem,
many speech enhancement techniques have been developed for
the last decades [5]–[41]. Recently, deep learning-based speech
enhancement systems [42]–[48] have demonstrated good per-
formances. However, some of the deep learning-based systems
require high algorithmic delays, which make them inappropriate
to some applications such as speech communication, hearing
aids, and real-time speech recognition for virtual assistants [47].
Computational complexity, which is tightly bound to the power
consumption, is another factor that limits application of the deep
learning-based enhancement especially for mobile devices [44]–
[48]. In contrast, statistical model-based approaches have shown
decent performance for various noise environments with low
delay and low computational complexity, while not requiring a
huge amount of training data [5]–[36]. The main focus of this
classic technique is to estimate the spectrum of the clean speech
in the short-time Fourier transform (STFT) domain. There have
been various approaches with different criteria [8]–[11], many
of which assume that the STFT coefficients of speech and noise
follow the complex Gaussian probability density function (pdf).
The uncertainty of speech presence was taken into account
to further improve the performance of speech enhancement
[11]–[14].

The statistical model-based approaches often require the
estimation of the speech and noise power spectral densities
(PSDs). Well known examples of the noise PSD estimator
include minimum statistics approach [20], minima controlled
recursive averaging (MCRA) [21], minimum mean-square error
(MMSE)-based approach [22], and speech presence probability
(SPP)-based approach [23]. The minimum statistics approach
[20] estimates the noise PSD as the minimum of the smoothed
input PSD within a moving window with bias compensation,
assuming that at least one frame in the window corresponds
to a short or long pause of speech. This idea was extended to
the MCRA and improved MCRA [24], in which the tracked
minimum is used to estimate the signal-to-noise ratios (SNRs)
and the SPP. In [22], the MMSE noise PSD estimator was
proposed in which the maximum likelihood (ML) estimator of
the a priori SNR is employed with a bias compensation. [23]
modified this estimator incorporating the a posteriori SPP with
fixed a priori SNRs.
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Another key parameter, speech PSD, can be estimated via ML
estimation, decision-directed (DD) estimation [8], or temporal
cepstrum smoothing (TCS) [25]. It is noted that the a priori
SNR estimators which assume that the noise PSD estimates are
given are also regarded as speech PSD estimators. ML estimation
is the simplest approach, but exhibits severe fluctuation of the
estimated PSD in regions with a low local SNR, which cannot
be alleviated by temporal smoothing without invoking much
speech distortion. An alternative method is the DD approach
which combines the estimated speech in the previous frame and
the ML estimate for the current frame. However, the one-frame
delay in the DD estimation makes distortion for speech onsets
[26], and cannot fully resolve the issues of distorted onset and
the musical noise at the same time [27]. TCS is an advanced
speech PSD estimator which can reduce the musical noise and
preserve speech structure by applying selective smoothing only
to the noise-related cepstral coefficients [25], [28].

Recently, the MMSE clean speech estimators considering the
uncertainty of the speech PSD estimates have been proposed
[29]–[32]. As the speech PSD is hard to estimate in some
environments, it is beneficial to regard the estimate of the speech
PSD as a realization of a random variable. Considering both the
true clean speech PSD and its estimator as random variables, the
MMSE estimator of the clean speech given the noisy observation
and the estimate of the speech PSD was derived in [30]. The con-
ditional distribution of the speech PSD estimator given the true
speech PSD, which was called hyperprior, was modeled as a χ2

distribution and the prior distribution of the true speech PSD was
assumed to be log-normal as in [31]. In [32], the speech posterior
was recognized as the marginalization of the joint posterior of the
speech and speech PSD with respect to the speech PSD. The joint
posterior was then evaluated by assuming the prior distribution
of the speech PSD. It is noted that the speech PSD estimator was
not explicitly involved in their framework unlike in [30]. In both
[30] and [32], the prior distribution of the true speech PSD was
modeled via the long-term histogram of the absolute value for
speech PSDs in the speech database. Although the speech PSD
uncertainty model-based clean speech estimators improved the
speech enhancement performance, the uncertainty model has not
yet been incorporated into all parts of the speech enhancement
framework including the a posteriori SPP estimation, noise PSD
estimation, and speech PSD estimation.

In this paper, we extended the framework in [30] so that all
components of the statistical model-based speech enhancement
reflect the uncertainty of the speech PSD. First, we derive the
a posteriori SPP under speech PSD uncertainty in which the
joint probability of noisy observation and speech PSD estimator
for each hypothesis is involved. And then we make use of the
a posteriori SPP to obtain an SPP-based noise PSD estimator.
Furthermore, the speech PSD uncertainty is also incorporated
when estimating the power spectrum of the clean speech in the
current frame with the MMSE criterion, which in turn is used to
estimate the speech PSD with a TCS scheme. The hyperprior for
the new speech PSD estimator is also derived by approximating
the conditional distribution of the estimated power spectrum for
the clean speech in the current frame given the true speech PSD
as an exponential distribution. Finally, the speech enhancement

gain function incorporating the proposed a posteriori SPP,
noise PSD estimator and speech PSD estimator is proposed. Ex-
perimental results showed that the proposed noise PSD estimator
exhibited the lower estimation error and the proposed speech
enhancement method showed improved performance in terms of
noise reduction, speech distortion, overall speech quality and in-
telligibility in terms of the perceptual evaluation of speech qual-
ity (PESQ) scores and short-time objective intelligibility (STOI)
in various noise environments. Additionally, we performed an
ablation study to see how each sub-module contributed to the
performance improvement. Finally, we compared the proposed
framework with the light deep learning model and showed the
performance is comparable.

This paper is organized as follows. Section II reviews the
previous MMSE clean speech estimator considering speech
PSD uncertainty [30] and explains the conventional parameter
estimation approaches. Section III then presents the proposed
speech enhancement system that has incorporated the speech
PSD uncertainty into all components of the speech enhance-
ment framework. Section IV shows experimental results that
demonstrate the superiority of the proposed speech enhancement
method compared to the baseline system in terms of noise PSD
and speech power spectrum estimation accuracy and speech
enhancement performance. Finally, Section V draws the conclu-
sions of the paper. A detailed derivation of the MMSE speech
power spectrum estimator is given in Appendix A.

II. PREVIOUS MMSE CLEAN SPEECH ESTIMATOR

CONSIDERING SPEECH PSD UNCERTAINTY

In this section, we review the baseline speech enhance-
ment system proposed in [30] including the MMSE clean
speech estimator considering speech PSD uncertainty and pa-
rameter estimation in which speech PSD uncertainty was not
incorporated.

A. MMSE Clean Speech Estimator Based on Speech PSD
Uncertainty

Assuming that the speech s(t) at time t is corrupted by
uncorrelated additive noise n(t), the observed noisy speech y(t)
in the time domain is given as

y(t) = s(t) + n(t), (1)

or in the short-time Fourier transform (STFT) domain,

Y (l, k) = S(l, k) +N(l, k), (2)

where Y (l, k), S(l, k), and N(l, k) are the STFT coefficients
for y(t), s(t), and n(t) at frame l and frequency bin k, respec-
tively. Then, the PSD of Y (l, k), Φy(l, k)= E(|Y |2), is given as
Φy(l, k) = Φs(l, k) + Φn(l, k), where Φs(l, k)= E(|S|2) and
Φn(l, k)= E(|N |2) denote the PSDs of S(l, k) and N(l, k),
respectively, where E(·) denotes the expectation.

In the speech PSD uncertainty model, the true speech PSDΦs

and its estimator Φ̂s are regarded as separate random variables
[30]–[32], and only the realization of the latter is assumed to be
available. The speech posterior under speech PSD uncertainty
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is derived as [30]

p(S|Y, Φ̂s)

=

∫∞
0 p(S, Y, Φ̂s,Φs)dΦs

p(Y, Φ̂s)

=

∫∞
0 p(Y |S,Φs, Φ̂s)p(S|Φs, Φ̂s)p(Φs|Φ̂s)dΦs∫

S

∫∞
0 p(Y |S,Φs, Φ̂s)p(S|Φs, Φ̂s)p(Φs|Φ̂s)dΦsdS

≈
∫∞
0 p(Y |S)p(S|Φs)p(Φs|Φ̂s)dΦs∫∞

0

∫
S p(Y |S)p(S|Φs)dSp(Φs|Φ̂s)dΦs

, (3)

in which the frame and frequency indices and the implicitly con-
ditioned noise PSD Φn are omitted for notational convenience.
Under the assumption that the STFT coefficients of speech and
noise follow the zero-mean complex Gaussian distributions,
p(Y |S) and p(S|Φs) are given as

p(Y |S) = 1

πΦn
exp

{
− 1

Φn
|Y − S|2

}
, (4)

p(S|Φs) =
1

πΦs
exp

{
− 1

Φs
|S|2

}
. (5)

Then, the MMSE clean speech estimator, which is the counter-
part to the Wiener filter under speech PSD uncertainty [30], is
given as

Ŝ = E(S|Y, Φ̂s)

=

∫∞
0

∫
S Sp(Y |S)p(S|Φs)dSp(Φs|Φ̂s)dΦs∫∞

0

∫
S p(Y |S)p(S|Φs)dSp(Φs|Φ̂s)dΦs

=

∫∞
0

Φs

(Φs+Φn)2
eνp(Φs|Φ̂s)dΦs∫∞

0
1

Φs+Φn
eνp(Φs|Φ̂s)dΦs

· Y

= Gb · Y, (6)

in which

ν =
Φs

Φs +Φn

|Y |2
Φn

, (7)

andGb is the gain function under speech PSD uncertainty model
in [30], in which the subscript b denotes “baseline.” In practice,
the gain is restricted to be higher than a certain minimum, Gmin,
i.e.,

Ŝ = max(Gb, Gmin) · Y. (8)

It is noted that MMSE short-time spectral amplitude (STSA)
[8] or MMSE log-spectral amplitude (LSA) [9] estimator can be
also modified by adopting the speech PSD uncertainty model in
a similar way as shown in [30].

To derive the model for the PSD uncertainty p(Φs|Φ̂s), Bayes’
rule is applied

p(Φs|Φ̂s) =
p(Φ̂s|Φs)p(Φs)

p(Φ̂s)
, (9)

where p(Φ̂s) will be cancelled out in (6). p(Φs) is called
the hyperhyperprior, which is the distribution of the true

speech PSD modeled by a log-normal distribution [30]–[32]
expressed as

p(Φs) =
10

ln(10)Φs

1√
2πσΦs

exp

{
− (ΦdB

s − μΦs
)2

2σ2
Φs

}
, (10)

where ΦdB
s = 10 log10Φs and the parameters of p(Φs), σΦs

and
μΦs

for each frequency, are estimated from the histogram of the
magnitudes of clean speech in one hour of TIMIT training set
[30]. Still, we need to obtain an estimate of Φn, Φ̂s and model
p(Φ̂s|Φs), for which the speech PSD uncertainty model has not
yet been adopted in [30] as described in the next subsection.

B. Conventional Parameter Estimation for Speech
Enhancement

1) Speech Presence Probability Estimation With a Fixed
a priori SNR: Let two hypotheses H0 and H1 represent speech
absence and presence, respectively. Then, the likelihood of the
observed signal Y for each hypothesis is given by

p(Y |H0) =
1

πΦn
exp

{
−|Y |2

Φn

}
, (11)

p(Y |H1) =
1

π(Φn +Φs)
exp

{
− |Y |2
Φn +Φs

}
=

1

πΦn(1 + ξH1
)
exp

{
− |Y |2
Φn(1 + ξH1

)

}
, (12)

in which ξH1
= Φs/Φn is the a priori SNR for speech pres-

ence. Instead of using short-term local SNR for ξH1
, [23] pro-

poses to use a typical SNR if speech were present [12], i.e., a
fixed value that produces the best performance for a maximum
a posteriori voice activity detector for a range of a priori SNR
of interest. Exploiting Bayes’ theorem, the a posteriori SPP can
be obtained as

p(H1|Y )

=
p(H1)p(Y |H1)

p(H0)p(Y |H0) + p(H1)p(Y |H1)

=

(
1 +

p(H0)

p(H1)
(1 + ξH1

) exp

{
−|Y |2

Φn

ξH1

1 + ξH1

})−1

,

(13)

where p(H1) = 1− p(H0) is the a priori SPP, which was set
to 0.5.

2) Unbiased MMSE Noise PSD Estimator: The MMSE es-
timator for the spectral noise power in the current frame can be
obtained using the a posteriori SPP in (13) as [23]

̂|N |2 = E(|N |2|Y )

=p(H0|Y ) · E(|N |2|Y,H0)+p(H1|Y ) · E(|N |2|Y,H1)

= p(H0|Y ) · |Y |2 + p(H1|Y ) · Φ̂n, (14)

where p(H0|Y ) = 1− p(H1|Y ) and Φ̂n is the noise PSD esti-

mate from the previous frame. Using ̂|N |2 in the current frame,
the noise PSD Φn is updated using recursive smoothing [22],
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[23] as

Φ̂n(l) = αNE · Φ̂n(l − 1) + (1− αNE) ·̂|N |2(l), (15)

in which αNE is a smoothing parameter for noise PSD
estimation.

3) Speech PSD Estimation and the Hyperprior: The simplest
technique to estimate the speech PSD is the ML approach [11],
which is expressed as

Φ̂ml
s = max(|Y |2 − Φn, 0), (16)

where Φn is assumed to be known or estimated in advance,
e.g., estimated in the previous frame. One of the more advanced
approaches is the TCS [25], which is shown to outperform
conventional ML and DD approaches [26]. TCS is a technique
that adaptively smooths the ML estimates, Φ̂ml

s (l), in the cepstral
domain selectively, to apply strong smoothing to the cepstral
coefficients which are less relevant to the speech and very weak
smoothing for the speech-related quefrencies. The motivation of
the TCS is that the speech spectral envelope is described well
by the cepstral bins with low indices, while the excitation com-
ponent would reside in a limited number of cepstral coefficients
dependent on the pitch frequency [49].

The ML estimate of the speech PSD can be transformed into
the cepstral domain by taking the logarithm and the inverse
discrete Fourier transform (IDFT) as

Φ̂ml,ceps
s (l, q) = IDFT

[
log(max(Φ̂ml

s (l, k),Φmin
s ))

]
, (17)

in which q is the quefrency index and Φmin
s is set to avoid

numerical problems. With time-quefrency dependent smoothing
parameters λceps(l, q), selective smoothing is applied to the ML
estimate Φ̂ml,ceps

s in the cepstral domain, as

Φ̂ceps
s (l, q) = λceps(l, q) · Φ̂ceps

s (l − 1, q)

+ (1− λceps(l, q)) · Φ̂ml,ceps
s (l, q), (18)

where λceps(l, q) is configured to have low values for the cepstral
bins which represent the spectral envelope and fundamental
frequency, and to be close to 1 for the cepstral bins irrelevant to
the speech. The detailed description of the determination of the
smoothing parameter and the fundamental frequency estimation
can be found in [25].

The smoothed speech PSD Φ̂ceps
s in the cepstral domain is

transformed to the spectral domain via discrete Fourier trans-
form as

Φ̂tcs
s (l, k) = exp

{
DFT[Φ̂ceps

s (l, q)] + r
}
, (19)

where r is a correction factor to compensate the reduced variance
due to the cepstral smoothing [28]. In this paper, we express the
aforementioned procedure of TCS including (17)−(19) as an
operation:

Φ̂tcsb
s (l) = TCS(Φ̂ml

s (l)), (20)

in which the subscript b in tcsb represents the TCS-based speech
PSD estimate for the “baseline” system in [30].

To evaluate (9), the hyperprior p(Φ̂s|Φs) needs to be modeled.
Since Φ̂ml

s is the shifted version of |Y |2 by Φn ignoring the

maximum operator [30] and the noisy signal Y is assumed to be
zero-mean Gaussian distributed, |Y |2 is exponential distributed,
and so is Φ̂ml

s . As for the temporally smoothed version of Φ̂ml
s

in the frequency domain or the cepstral domain (e.g., TCS), the
distribution of the Φ̂s given Φs follows a χ2 distribution with
a bigger degree of freedom 2Q [28], [30], [32]. Therefore, the
hyperpriors for the ML estimate and TCS are given as

p(Φ̂ml
s |Φs) =

1

Φs +Φn
exp

{
− Φ̂ml

s +Φn

Φs +Φn

}
, (21)

p(Φ̂tcsb
s |Φs) =

(Φ̂tcsb
s +Φn)

Q−1

Γ(Q)

(
Q

Φs +Φn

)Q

· exp
{
−Q

Φ̂tcsb
s +Φn

Φs +Φn

}
, (22)

when Φ̂ml
s ≥ −Φn and Φ̂tcsb

s ≥ −Φn, and zero otherwise [32].
The value of Q depends on the smoothing parameter of the
TCS as described in [28]. The gain function Gb in (6) can
now be evaluated using (9), (10), (22), (14) and (15). The
overall structure of the baseline speech enhancement system
considering speech PSD uncertainty [30] is illustrated in Fig. 1.
It is noted that the noise PSD estimate from the previous frame
is used in speech PSD estimation, noise PSD estimation, and
a posteriori SPP estimation blocks, which is not depicted in
Fig. 1.

III. PROPOSED COMPLETE SPEECH ENHANCEMENT

FRAMEWORK REFLECTING SPEECH PSD UNCERTAINTY

The reliability of the speech PSD estimate is different for
each time-frequency bin, and the parameter estimations may
be enhanced by considering the uncertainty of the speech PSD
estimate. In this paper, we propose to incorporate the speech
PSD uncertainty into all components of the speech enhancement
framework including the a posteriori SPP model, noise PSD
estimation, speech PSD estimation, and the gain function. The
block diagram for the proposed framework is shown in Fig. 2.
Each of the modified components is explained in the following
subsections.

A. Speech Presence Probability Estimation Considering
Speech PSD Uncertainty

In the previous approach, the a posteriori SPP was computed
using the equations (11)−(13), which don’t reflect the speech
PSD uncertainty. In this paper, we derive the a posteriori SPP
given the speech PSD estimate considering speech PSD uncer-
tainty. The a posteriori SPP under speech PSD uncertainty is
given by

p(H1|Y, Φ̂s) =
p(H1)p(Y, Φ̂s|H1)

p(H0)p(Y, Φ̂s|H0) + p(H1)p(Y, Φ̂s|H1)
,

(23)
where p(Y, Φ̂s|H0) and p(Y, Φ̂s|H1) are the joint likelihood
functions of the noisy observation and the speech PSD estimator
for speech absence and speech presence, respectively. The joint
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Fig. 1. Block diagram of the baseline speech enhancement system in [30] considering speech PSD uncertainty.

Fig. 2. Block diagram of the proposed speech enhancement framework incorporating the speech PSD uncertainty into every component.

likelihood function for speech absence can be decomposed as

p(Y, Φ̂s|H0) = p(Y |Φ̂s, H0) · p(Φ̂s|H0), (24)

where

p(Y |Φ̂s, H0) = p(Y |Φs = 0, Φ̂s)

≈ p(Y |Φs = 0)

=
1

πΦn
exp

{
−|Y |2

Φn

}
, (25)

and when we use TCS in (20), p(Φ̂s|H0) is given from (22) as

p(Φ̂tcsb
s |H0) = p(Φ̂tcsb

s |Φs = 0)

=
(Φ̂tcsb

s +Φn)
Q−1

Γ(Q)

(
Q

Φn

)Q

· exp
{
−Q

Φ̂tcsb
s +Φn

Φn

}
. (26)

Here, it is assumed that p(Y |Φs, Φ̂
tcsb
s ) ≈ p(Y |Φs), which

means that once the true speech PSD Φs is given, the estimate
Φ̂tcsb

s does not convey any additional information about Y .
Likewise, the joint likelihood function for speech presence under
the speech PSD uncertainty is given as

p(Y, Φ̂s|H1) =

∫ ∞

0

p(Y,Φs, Φ̂s)dΦs

=

∫ ∞

0

p(Y |Φs, Φ̂s)p(Φs, Φ̂s)dΦs

≈
∫ ∞

0

p(Y |Φs)p(Φs, Φ̂s)dΦs

=

∫ ∞

0

p(Y |Φs)p(Φ̂s|Φs)p(Φs)dΦs, (27)

in which p(Y |Φs) is in (12) and p(Φ̂tcsb
s |Φs) is given in (22).

With (24)−(27), we can evaluate p(H1|Y, Φ̂tcsb
s ) in (23).
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B. Noise PSD Estimation Incorporating Speech PSD
Uncertainty

Using thea posteriori SPP reflecting speech PSD uncertainty
in (23), we propose to estimate the noise power spectrum in the
current frame in a similar way to (14) as

̂|N |2 = E(|N |2|Y, Φ̂tcsb
s )

= p(H0|Y, Φ̂tcsb
s ) · |Y |2 + p(H1|Y, Φ̂tcsb

s ) · Φ̂n, (28)

where p(H0|Y, Φ̂tcsb
s ) = 1− p(H1|Y, Φ̂tcsb

s ) and Φ̂n is the
noise PSD estimate from the previous frame as in (14). It is noted
that for low SNR conditions in which Φ̂tcsb

s may not be accurate,
p(Φ̂s|Φs)p(Φs) in (27) is affected by the hyperhyperprior p(Φs)
dominantly [30], and thus the estimation in (28) would not
degrade severely by the poor estimation of Φ̂tcsb

s . Again, the
noise PSD estimate is recursively updated as

Φ̂n(l) = αNE · Φ̂n(l − 1) + (1− αNE) ·̂|N |2(l). (29)

C. Improved Speech PSD Estimation

[30] uses the moving average or TCS of the ML estimate for
speech PSD which does not incorporate the uncertainty of the
speech PSD estimators. In this paper, we first estimate the power
spectrum of the clean speech in the current frame considering
the speech PSD uncertainty, and then apply the TCS scheme to
obtain a better speech PSD estimator. The MMSE speech power
spectrum estimator under the speech PSD uncertainty can be
given in a similar way to (14):

̂|S|2 = E(|S|2|Y, Φ̂tcsb
s )

= p(H0|Y, Φ̂tcsb
s ) · E(|S|2|Y, Φ̂tcsb

s , H0)

+ p(H1|Y, Φ̂tcsb
s ) · E(|S|2|Y, Φ̂tcsb

s , H1)

= p(H1|Y, Φ̂tcsb
s ) · E(|S|2|Y, Φ̂tcsb

s , H1), (30)

where p(H1|Y, Φ̂tcsb
s ) is given in (23) and E(|S|2|Y, Φ̂tcsb

s , H1)
can be derived in a similar manner to (6):

E(|S|2|Y, Φ̂s, H1)

=

∫∞
0

∫
S |S|2p(Y |S)p(S|Φs)dSp(Φs|Φ̂s)dΦs∫∞

0

∫
S p(Y |S)p(S|Φs)dSp(Φs|Φ̂s)dΦs

=

∫∞
0

ΦsΦn

(Φs+Φn)2
eν(1 + ν)p(Φs|Φ̂s)dΦs∫∞

0
1

Φs+Φn
eνp(Φs|Φ̂s)dΦs

, (31)

where ν is defined in (7). The detailed derivation of (31) is shown
in Appendix A. Finally, the proposed speech PSD estimator,

Φ̂
tcsp
s , is obtained by applying TCS tô|S|2 as

Φ̂
tcsp
s (l) = TCS(̂|S|2(l)). (32)

D. Proposed Gain Function With Speech PSD Uncertainty

The MMSE clean speech estimator incorporating speech pres-
ence uncertainty can be obtained as in [12]:

Ŝ = p(H0|Y, Φ̂s) · E(S|Y, Φ̂s, H0)

+ p(H1|Y, Φ̂s) · E(S|Y, Φ̂s, H1)

= p(H1|Y, Φ̂s) · E(S|Y, Φ̂s, H1)

= p(H1|Y, Φ̂s) ·Gb(Φ̂s) · Y
Δ
= Gp(Φ̂s) · Y, (33)

where p(H1|Y, Φ̂s) given in (23) and Gb defined in (6) are
dependent on Φ̂s, and Gp is the gain function of the proposed
speech enhancement framework. In contrast to the Ŝ in (6), we
incorporate the speech presence uncertainty since the hyperhy-
perprior p(Φs) to evaluate (6) is computed using time-frequency
bins with speech [30] and thus E(S|Y, Φ̂s) in (6) is actually
E(S|Y, Φ̂s, H1). p(H1|Y, Φ̂s) andGb(Φ̂s), and therefore Ŝ, can
be evaluated with either Φ̂tcsb

s in (20) or Φ̂tcsp
s in (32). As for the

case of using Φ̂tcsb
s , p(H1|Y, Φ̂tcsb

s ) and Gb(Φ̂
tcsb
s ) are readily

available in (23) and (6) using (24)−(27) and (22), and (9), (10),
(22), (28) and (29), respectively.

When we want to utilize a more advanced speech PSD
estimator, Φ̂tcsp

s in (32), the hyperprior p(Φ̂
tcsp
s |Φs) and the

distribution of the speech PSD estimator in the absence of
speech, p(Φ̂tcsp

s |H0), should be evaluated instead of (22) and

(26). Since Φ̂
tcsp
s in (32) is a smoothed version of̂|S|2 in (30)

which is a nonlinear function of Y , it is difficult to derive the
hyperprior rigorously. The distribution p(̂|S|2|Φs) is also hard

to derive analytically aŝ|S|2 in (30) computed with (31) is also a
nonlinear function ofY . To circumvent this difficulty, we simply

model p(̂|S|2|Φs) as an exponential distribution with the mean
of Φs as in (21), but with a reduced noise power Λn ≤ Φn,

since the estimator ̂|S|2 in (30) would be less affected by the

noise compared with the Φ̂ml
s in (16). p(̂|S|2|Φs) is modeled as

p(̂|S|2|Φs) =
1

Φs + Λn
exp

{
−
̂|S|2 + Λn

Φs + Λn

}
, (34)

for̂|S|2 ≥ −Λn, and zero otherwise, where Λn may depend on
both Φs and Φn. Fig. 3 shows two examples of the empirical pdf

of̂|S|2, which are forΦs = −50 dB andΦn = −40 dB and−30
dB, respectively. It is noted that the absolute levels of the signals
in this paper were computed when the signal values in the 16 bit
integer format were interpreted to be between −1.0 and 1.0. The

empirical pdf of̂|S|2 computed with (30) for each values of Φs

andΦn was constructed using the time-frequency bins for which
the true PSDs Φs and Φn are within ±1 dB intervals from the
specified values, collected from the data with various types and
levels of noises. We can observe that the exponential model may
be a reasonable approximation to the empirical pdf. To determine
Λn as a function of Φs and Φn, we have investigated the value
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Fig. 3. Examples for the empirical pdf of ̂|S|2 and the exponential model
in (34).

Fig. 4. Empirically determined values and modeled function for the equivalent
noise level ΛdB

n .

of Λn that fits the moment of the empirical pdf of ̂|S|2 given
specific values of Φs and Φn, which is shown in Fig. 4(a). Λn

can be modeled as a simple function of Φs and Φn in the dB
scale as

ΛdB
n (ξdB ,ΦdB

n )

=

{
ΦdB

n + ξdBthr(Φ
dB
n )− βΛ, if ξdB ≤ ξdBthr(Φ

dB
n )

ΛdB
n,min, otherwise,

(35)

where ΦdB
n and ξdB = ΦdB

s − ΦdB
n denote the true noise PSD

and SNR in the dB-scale, respectively, and ξdBthr(Φ
dB
n ) is the

Φn-dependent threshold to use very small Λn, ΛdB
n,min, which is

given as:

ξdBthr(Φ
dB
n ) = min(γξΦ

dB
n + βξ, βΛ), (36)

in which βΛ, γξ, and βξ are obtained from the training data using
the method of least squares.

Fig. 4(b) illustrates the modeled ΛdB
n in (35), which may be

a good approximation to the values optimized for the empirical
pdfs illustrated in Fig. 4(a). The exponential models in (34) with
the Λn in (35) are also shown in Fig. 3 in red graphs, which
could be a decent simplification of the conditional distribution

p(̂|S|2|Φs).

With the modeled distribution p(̂|S|2|Φs) in (34), the hy-
perprior p(Φ̂

tcsp
s |Φs) and the distribution of the speech PSD

estimator in the absence of speech, p(Φ̂
tcsp
s |H0) can be

Fig. 5. Spectral gains Gp, Gb, and Wiener gain as functions of |Y |2 when

Φ̂s/Φn = 5 dB, μΦs = −20.17 dB, σΦs = 13.97 dB, and Q = 10.

obtained as

p(Φ̂
tcsp
s |Φs) =

(Φ̂
tcsp
s + Λn)

Q−1

Γ(Q)

(
Q

Φs + Λn

)Q

· exp
{
−Q

Φ̂
tcsp
s + Λn

Φs + Λn

}
, (37)

p(Φ̂
tcsp
s |H0) = p(Φ̂

tcsp
s |Φs = 0)

=
(Φ̂

tcsp
s + Λn)

Q−1

Γ(Q)

(
Q

Λn

)Q

· exp
{
−Q

Φ̂
tcsp
s + Λn

Λn

}
, (38)

replacing (22) and (26), respectively. Then, p(H1|Y, Φ̂tcsp
s ) and

Gb(Φ̂
tcsp
s ), and therefore Gp(Φ̂

tcsp
s ), can be evaluated using

(23), (20), and (33) with (37) and (38).
Finally, the minimum gain is again applied to prevent the

undesired speech distortion at the price of increased residual
noise [12] as

Ŝ = max(Gp, Gmin) · Y. (39)

Fig. 5 illustrates the spectral gain functions Gp(Φ̂
tcsp
s ),

Gb(Φ̂
tcsb
s ) in (6), and Wiener gain as functions of |Y |2 when

Φ̂s/Φn = 5 dB, μΦs
= −20.17 dB, σΦs

= 13.97 dB, and Q =

10. The gain for the Wiener filter only depends on Φ̂s/Φn, and
thus is constant regardless of |Y |2. Both Gb and Gp have high
value when |Y |2 is large as explained in [30]. The speech PSD
uncertainty is smaller for Gp than for Gb as Λn is smaller than
Φn representing we have more accurate speech PSD estimates,
and thus blue curves deviate less from the Wiener gain than red
curves for both of the speech and noise levels. Fig. 6 shows
the same gain functions as functions of Φ̂s/Φn for various |Y |2
when Φn = −30 dB, μΦs

= −20.17 dB, σΦs
= 13.97 dB, and

Q = 10. In Fig. 6, Gp applies more suppression than Gb in very
low Φ̂s/Φn, which is due to the adoption of the a posteriori

SPP. Also, we can see that when Φ̂s/Φn becomes higher, both
the speech PSD uncertainty-aware gain functions converge to the
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Fig. 6. Spectral gains Gp, Gb, and Wiener gain as functions of Φ̂s/Φn when
Φn = −30 dB, μΦs = −20.17 dB, σΦs = 13.97 dB, and Q = 10.

gain function of the Wiener filter, because the Φ̂s/Φn becomes
quite reliable at the high SNRs [32].

IV. EXPERIMENTAL RESULTS

To demonstrate the superiority of the proposed method, a set
of experiments was conducted to compare the performance of
the noise PSD estimation and the speech enhancement. 128
sentences spoken by 64 male and 64 female speakers were
randomly selected as clean speech from the TIMIT database
[50]. The average duration of sentences was 3.0 seconds. They
were corrupted by 7 types of noises at the SNRs −10, −5, 0,
5, 10 and 15 dB. The noises used for the experiments were the
modulated white Gaussian noise simulated as in [23], the car,
metro, railway, and street noises from the ITU-T P.501 database
[51], and the babble and pink noises from the NOISEX-92
database [52]. The sampling rate was 16 kHz, and the 512 point
STFT was applied to the 32ms window with 50% overlap in
which a square-root Hann window was used for analysis and
synthesis. The complicated nonlinear functions in (6), (27),
and (31) were tabulated to reduce computational complexity
as in [30]–[32]. The value of Q was determined by the TCS
algorithm with a resolution of 1.0, and the values for these three
nonlinear functions were stored in look-up tables for eachQwith
a resolution of 1 and |Y |2, Φ̂s, and Φn with 1 dB resolution. To
implement the TCS scheme, we followed the same procedure
described in [25] and used the same parameter values except for
the constant smoothing parameter, ᾱconst, which was empirically
set as

ᾱconst(q) =

⎧⎪⎨⎪⎩
0.1 if q ∈ {0, . . ., 2}
0.6 if q ∈ {3, . . ., 19}
0.95 if q ∈ {20, . . ., 256},

(40)

where q is the cepstral bin index. Other parameter values used for
the experiments were Gmin = −15 dB, ξH1

= 15 dB, αNE =
0.8, ΛdB

n,min = −70, βΛ = 4.5, γξ = −0.33, and βξ = −11.4.
The values of the parameters for the hyperhyperprior in (10)
depending on the frequency are shown in Fig. 7.

Fig. 7. The values of the parameters for hyperhyperprior used in the experi-
ments.

A. Performance for Noise PSD and Speech Power Spectrum
Estimation

To compare the performance for the noise PSD estimation, the
logarithmic error distance measure (LogErr) is evaluated. The
LogErr is defined as the average logarithmic distance between
the estimated noise PSD and the true noise PSD:

LogErr =
1

LK

K∑
k=1

L∑
l=1

∣∣∣∣∣10 log10 Φn(l, k)

Φ̂n(l, k)

∣∣∣∣∣ , (41)

where L is the number of time-frames, K is the number of
frequency bins, and Φn is the true noise PSD, which can be
computed using the periodogram of the noise signal smoothed
recursively with a parameter of 0.9 in a similar way to (15).
LogErr can be separated into LogErrov and LogErrun which
measures the overestimation and the underestimation error, re-
spectively [23]:

LogErrov =
1

LK

K∑
k=1

L∑
l=1

∣∣∣∣∣min

(
0, 10 log10

Φn(l, k)

Φ̂n(l, k)

)∣∣∣∣∣ ,
(42)

LogErrun =
1

LK

K∑
k=1

L∑
l=1

max

(
0, 10 log10

Φn(l, k)

Φ̂n(l, k)

)
. (43)

Since the noise overestimation and underestimation cause the
speech attenuation and insufficient noise suppression, respec-
tively, LogErrov and LogErrun would indicate the degree of
speech distortion and residual noise in speech enhancement,
respectively [23].

Fig. 8 presents the performance of noise PSD estimation for
the method in [23] and the proposed method in terms of LogErr in
various noise types and SNR conditions, where the upper parts in
gray indicate the noise underestimation LogErrun and the lower
parts in red and blue indicate the noise overestimation LogErrov.
The noise power spectrum estimator in [23] is the unbiased
MMSE estimator with a fixed a priori SNR in (14), while the
proposed estimator is the modified version of it shown in (28)
incorporating the speech PSD uncertainty-aware SPP. From the
figures, we can see that the proposed method exhibits lower
LogErr for all noise types and SNRs. We can also confirm the
noise tracking capability through the results for the modulated
white Gaussian noise. Table I shows LogErr, LogErrov and
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Fig. 8. The logarithmic errors of the noise PSD estimator in [23] and the
proposed method for various noise types and SNRs. The graphs with red and
gray are for the estimator in [23] and those with blue and gray correspond to
the proposed method, in which the lower parts indicate the overestimation error,
while the upper parts in gray denote the underestimation error.

TABLE I
THE LOGARITHMIC ERRORS OF THE NOISE PSD ESTIMATOR IN [23] AND THE

PROPOSED METHOD AVERAGED OVER 7 NOISE TYPES FOR VARIOUS SNRS

ANALYZED IN SECTION III-B

LogErrun averaged over 7 types of noises for various SNRs.
The LogErr for the proposed method was 0.64 dB lower than
that of the method in [23] on average, and the performance
improvement was more pronounced in low SNRs. It can be seen
that the noise underestimation error was significantly reduced,
while keeping the noise overestimation to a similar level to that
for [23]. It may be because the proposeda posteriori SPP in (28)
considers both the noisy observation in the current frame and the
speech PSD estimate and thus could track abrupt increases in the
noise power better.

We have also evaluated the logarithmic errors of the speech
power spectrum estimators, which were used as the inputs of
the TCS to estimate the speech PSD. Specifically, Φn(l, k) in
(41)−(43) was replaced by |S|2(l, k) obtained from the clean
speech signal, while Φ̂n(l, k) in (41)−(43) was replaced by

Φ̂ml
s (l, k) in (16) for the baseline method and̂|S|2(l, k) in (30)

for the proposed method, respectively, which are the inputs to the

TABLE II
THE LOGARITHMIC ERRORS OF THE SPEECH POWER SPECTRUM ESTIMATORS

USED AS THE INPUTS TO THE TCS SPEECH PSD ESTIMATION FOR THE

BASELINE [30] AND PROPOSED SYSTEMS ANALYZED IN SECTION III-C

TCS as in (20) and (32). We evaluated the estimation accuracy
of the speech power spectrum in the current frame instead of the
speech PSD itself because it was tricky to define the true speech
PSD although we have the clean speech signal. LogErr, LogErrov
and LogErrun for two speech power spectrum estimators are
shown in Table II. It can be seen that both the underestimation
and overestimation errors for the proposed method were sig-
nificantly reduced compared with those for the baseline in all
SNRs.

B. Performance for Speech Enhancement

To compare the performance for the speech enhancement,
the noise reduction (NR), segmental SNR (SSNR), wide-band
PESQ scores mapped onto mean opinion score – listening qual-
ity objective (MOS-LQO) [53] and STOI [54] were evaluated.
NR and SSNR are defined as

NR =
10

|L|
∑
l′∈L

log10

∑T
t=1 n

2(l′T + t)∑T
t=1 ñ

2(l′T + t)
, (44)

SSNR =
10

|L|
∑
l′∈L

log10

∑T
t=1 s

2(l′T + t)∑T
t=1(ŝ(l

′T + t)− s(l′T + t))2
,

(45)

where T = 160, l′ is the segment index, ŝ is the estimated time-
domain clean speech signal, ñ is the time-domain residual noise
signal obtained by applying the speech enhancement gain to the
noise-only signal, and L is the set of speech present segments
for which the power of the clean speech is larger than −45 dB
with respect to the maximum frame energy as in [23]. In speech
enhancement, the NR indicates the amount of noise reduction,
SSNR considers both noise reduction and speech distortion, and
PESQ and STOI measure the overall perceived speech quality
and intelligibility of the enhanced speech, respectively.

Table III presents the performance of the speech enhancement
for the previous MMSE clean speech estimator considering
speech PSD uncertainty introduced in Section II [30] and the
proposed method in terms of the NR, SSNR improvement over
noisy input, PESQ scores, and STOI averaged over 7 types of
noises depending on the SNR. In Table III, the proposed method
exhibited improved NR, SSNR, PESQ scores, and STOI for all
SNRs. The performance improvement in terms of the NR, SSNR
improvement, PESQ scores, and STOI were 4.2 dB, 1.2 dB, 0.16,
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TABLE III
THE NOISE REDUCTION (NR), SEGMENTAL SNR (SSNR) IMPROVEMENT, PESQ SCORES AND STOI FOR THE METHOD IN [30] AND THE PROPOSED METHOD

AVERAGED OVER 7 TYPES OF NOISES DEPENDING ON THE SNR ANALYZED IN SECTION III-D

Fig. 9. Example spectrograms of noisy and clean speeches and those enhanced by the baseline [30] and the proposed methods for the street noise with 5 dB SNR.

and 0.02 on average, respectively, and the performance improve-
ments were more pronounced in low SNRs. The improvement
of both the NR and SSNR compared with the baseline method
may imply that both the residual noise and the speech distortion
were reduced, which would result in better speech quality as
confirmed by the improved PESQ scores.

Fig. 9 shows example spectrograms of noisy and clean
speeches and those enhanced by the baseline [30] and the pro-
posed methods for the street noise with 5 dB SNR. It can be seen
that the harmonic structures were preserved whereas the residual
noise is reduced more for the proposed method compared with
the baseline method [30] as can be seen in the red boxes in
Fig. 9. Informal listening tests showed that the proposed method
produced less residual noise and musical artifacts compared to
the baseline method.

Additionally, we performed the ablation study to see how
much each module in the proposed method contributed to perfor-
mance improvement. The speech enhancement framework can
be divided into the sub-modules such as the noise PSD estimator,
speech PSD estimator, and gain function. Fig. 10 presents speech
enhancement performances averaged over 7 types of noises
for various SNRs replacing the sub-modules of the baseline
speech enhancement with the proposed sub-modules one by
one. GainB represents the Gb in the baseline speech estimator
under speech PSD uncertainty in (6), while GainP denotes the
Gp in the proposed speech estimator incorporating the SPP in
(33). NPSDB represents the noise PSD estimator [23] in (15),
while NPSDP represents the proposed one in (29). SPSDB

and SPSDP indicate that Φ̂tcsb
s in (20) and Φ̂

tcsp
s in (32)

were used as the speech PSD estimator, respectively. At first,

Authorized licensed use limited to: Kwangju Institute of Science and Technology. Downloaded on June 19,2022 at 21:46:13 UTC from IEEE Xplore.  Restrictions apply. 



KIM AND SHIN: IMPROVED SPEECH ENHANCEMENT CONSIDERING SPEECH PSD UNCERTAINTY 1949

Fig. 10. The NR, SSNR improvement, and the PESQ scores averaged over 7 types of noises depending on the SNR replacing the sub-modules of the baseline
speech enhancement with the proposed sub-modules one by one. The performances for the proposed system with the baseline SPP are also illustrated.

we investigated the contribution of the proposed noise PSD
estimator by replacing NPSDB in the baseline system with
NPSDP . Next, we replaced GainB with GainP while keeping
NPSDP and SPSDB . Lastly, SPSDB was substituted with
SPSDP to complete the proposed system. We can see that all
three proposed sub-modules contributed to the improvement of
the NR and PESQ scores, while the noise PSD estimator played
the most important role to improve the SSNR. The NR and PESQ
scores were improved by NPSDP the most in low SNRs and
by GainP in high SNRs. NPSDP did not improve the NR in
10 dB and 15 dB SNR, but enhanced SSNR. GainP decreased
the PESQ scores for −10 dB SNR, but the combination with
SPSDP resolved the degradation. In addition, we investigated
the importance of the proposed a posteriori SPP estimator
by replacing it with p(H1|Y ) in (13) while keeping all the
other components intact. We can confirm that the proposed
a posteriori SPP estimator was crucial to achieve high SSNR
and PESQ scores although it did not increase NR for all SNRs.

C. Performance Comparisons With a Real-Time Deep
Learning-Based Speech Enhancement System

We have also compared the performance of the proposed
method with a deep learning-based speech enhancement system.
Considering both the algorithmic delay and computational com-
plexity, we employed a real-time speech enhancement system
with a reasonable number of parameters, the equilibriated recur-
rent neural network (ERNN) [42], for performance comparison.
In this experiment, we used the VoiceBank-DEMAND dataset
designed in [55] as in [42], in which the training data were 11,572
utterances spoken by 28 speakers mixed with 10 types of noises
and the test data consisted of 824 utterances spoken by 2 speakers
contaminated by other 5 types of noises. For this dataset, the
parameters of the proposed method were set to be βΛ = 5.1,
γξ = −0.06, and βξ = −3.4 based on the training data. Ta-
ble IV summarizes the results in terms of the PESQ scores
and composite measures for signal distortion (CSIG), residual
noise (CBAK), and overall quality (COVL) [56]. The composite
measures have the same scale with the ITU-T Recommendation
P.835 [57], so the higher the measures are, the better. [42]

TABLE IV
PERFORMANCE COMPARISON OF THE PROPOSED SYSTEM WITH THE BASELINE

[30] AND A DEEP LEARNING-BASED SPEECH ENHANCEMENT SYSTEM, ERNN
[42], FOR THE VOICEBANK-DEMAND DATASET [55]

presents the performances for various configurations of model
parameters, among which we showed three configurations that
achieved the best performance given the number of parameters.
The proposed method exhibited superior performance to [30]
for this dataset, too. Also, although the proposed method has
less than 600 parameters and does not require a large training
database, it outperformed the ERNN with 215 k parameters and
showed comparable performance with the ERNN utilizing 264 k
parameters. It is noted that the proposed estimates for the a
posteriori SPP, noise PSD, speech PSD, or a combination of
them can be used as additional inputs to the deep learning-based
speech enhancement as in [48] for the applications that allow
higher computational complexity.

V. CONCLUSION

Recently, the speech PSD uncertainty model-based speech
enhancement has been proposed. This model incorporated a
prior distribution of true speech PSD and speech PSD estimators
to derive the MMSE-based clean speech estimator, which im-
proved the speech enhancement performance. In this paper, we
propose to complement this scheme by adopting the speech PSD
uncertainty into every component of the speech enhancement
framework. Firstly, we propose an improved a posteriori SPP
estimation in which the likelihood function for each hypothesis
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is derived under the speech PSD uncertainty. We exploit the pro-
posed a posteriori SPP to obtain the SPP-based noise PSD esti-
mator. Furthermore, we incorporate the speech PSD uncertainty
into the MMSE estimation of the power spectrum of the clean
speech in the current frame. And then the speech PSD estimator
is refined by applying the TCS scheme to the estimated power
spectra of clean speech. Finally, the proposed a posteriori SPP
and speech PSD estimator are utilized to obtain the spectral
gain function based on speech PSD uncertainty. Our proposed
speech enhancement method showed the improved noise PSD
and speech power spectrum estimation performance in terms
of LogErr, and improved speech enhancement performance in
terms of NR, SSNR, PESQ scores, and STOI in various noise
environments. It also exhibited comparable performance with a
real-time deep learning-based speech enhancement system.

APPENDIX A
DERIVATION OF THE MMSE SPEECH POWER

SPECTRUM ESTIMATOR

In this appendix, we derive the MMSE speech power spectrum
estimator in (31). Let the polar coordinate representation of S
be Rejθ. Using (4) and (5), the inner integral in the denominator
of (31) can be written as∫

S

p(Y |S)p(S|Φs)dS

=
1

π2ΦsΦn

∫ ∞

0

∫ 2π

0

R · e− |Y |2−2R	[e−jθY ]+R2

Φn
−R2

Φs dθdR

=
1

π2ΦsΦn
e−

|Y |2
Φn

∫ ∞

0

R · e−R2

Φk

∫ 2π

0

e
2R	[e−jθY ]

Φn dθdR

=
2

πΦsΦn
e−

|Y |2
Φn

∫ ∞

0

R · e−R2

Φk I0

(
2R|Y |
Φn

)
dR

=
2

πΦsΦn
e−

|Y |2
Φn · Γ(1)

2
ΦkF

(
1, 1;

Φs

Φn +Φs

|Y |2
Φn

)
=

1

Φs +Φn
eν · 1

π
e−

|Y |2
Φn , (46)

where Φk = ΦnΦs

Φn+Φs
, ν is defined in (7), I0 denotes the modified

Bessel function of the first kind, and F (a, b; z) denotes the con-
fluent hypergeometric function [58], [59]. Similarly, the inner
integral of the numerator of (31) becomes∫

S

|S|2p(Y |S)p(S|Φs)dS

=
1

π2ΦsΦn

∫ ∞

0

∫ 2π

0

R3e−
|Y |2−2R	[e−jθY ]+R2

Φn
−R2

Φs dθdR

=
1

π2ΦsΦn
e−

|Y |2
Φn

∫ ∞

0

R3e
−R2

Φk

∫ 2π

0

e
2R	[e−jθY ]

Φn dθdR

=
2

πΦsΦn
e−

|Y |2
Φn

∫ ∞

0

R3e
−R2

Φk I0

(
2R|Y |
Φn

)
dR

=
2

πΦsΦn
e−

|Y |2
Φn · Γ(2)

2
Φ2

kF

(
2, 1;

Φs

Φn +Φs

|Y |2
Φn

)
=

ΦsΦn

(Φs +Φn)2
eν(1 + ν) · 1

π
e−

|Y |2
Φn . (47)

With (46) and (47), we get (31).
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