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I. INTRODUCTION

NONNEGATIVE matrix factorization (NMF) 
is a technique to represent a nonnegative data 
matrix as a product of nonnegative basis and 
encoding matrices, which has gathered many 
interests in a wide variety of areas such as im-
age and video signal processing, text mining 
and topic modeling, brain signal processing, 
and audio signal processing, etc [1]–[5]. One 
of the prominent features of NMF is the non-
negativity constraint that makes NMF approx-
imation results to be a part-based and highly 
interpretable representation of data. One of 
the most successful application of the NMF 
analysis is the blind audio source separation 
(BASS) [6], [7], which aims to recover the in-
dividual source signals from the mixture. The 
basic idea of NMF-based BASS is to represent 
the input magnitude or power spectra as linear 
combinations of sets of bases assuming that 
each set of bases can reconstruct correspond-
ing source signals. The basis matrix for each 
source is trained separately using the corre-
sponding signals. Trained basis matrices are 
concatenated to form the basis matrix for the 
source separation.

Many variations of the standard NMF 
analysis have been proposed with different 
divergence measures, optimization methods, 
and regularization terms. Popular divergence 

Abstract: Nonnegative matrix factorization 
(NMF) has shown good performances on blind 
audio source separation (BASS). While the 
NMF analysis is a non-convex optimization 
problem when both the basis and encoding 
matrices need to be estimated simultaneously, 
the source separation step of the NMF-based 
BASS with a fixed basis matrix has been con-
sidered convex. However, because the basis 
matrix for the BASS is typically constructed 
by concatenating the basis matrices trained 
with individual source signals, the subspace 
spanned by the basis vectors for one source 
may overlap with that for other sources. In this 
paper, we have shown that the resulting encod-
ing vector is not unique when the subspaces 
spanned by basis vectors for the sources over-
lap, which implies that the initialization of the 
encoding vector in the source separation stage 
is not trivial. Furthermore, we propose a novel 
method to initialize the encoding vector for the 
separation step based on the prior model of the 
encoding vector. Experimental results showed 
that the proposed method outperformed the 
uniform random initialization by 1.09 and 
2.21dB in the source-to-distortion ratio, and 
0.20 and 0.23 in PESQ scores for supervised 
and semi-supervised cases, respectively.
Keywords: blind audio source separation; 
nonnegative matrix factorization; speech en-
hancement

Received: Apr. 15, 2017
Revised: Nov. 21, 2017
Editor: Guanglin Zhang

Initialization for NMF-Based Audio Source Separation 
Using Priors on Encoding Vectors
Jaeuk Byun, Jong Won Shin

Electrical Engineering and Computer Science, Gwangju Institute of Science and Technology (GIST), Gwangju 61005, South Korea

COMMUNICATIONS THEORIES & SYSTEMS



China Communications • September 2019178

a part of basis matrix is adapted along with the 
encoding matrix.

In most of NMF-based BASS researches, 
the encoding matrices from the training phase 
are discarded even though they have useful in-
formation about how each basis are utilized to 
reconstruct the source signals. To exploit this 
information, there have been many attempts 
to adopt prior models within Bayesian frame-
work [22] or in forms of penalty terms [19]-
[21] for which the parameters are estimated 
from the encoding matrix for the training data. 
However, prior models on the encoding matrix 
haven’t been used to initialize the encoding 
matrix for the source separation phase to the 
best of our knowledge. In this paper, we have 
shown that the source separation step with 
fixed basis matrix would have multiple opti-
mal solutions, which makes the initialization 
of the encoding matrix valuable. Also, we pro-
pose an initialization method based on prior 
models for which the parameters are estimated 
from the encoding matrix for the training data. 
We have compared the proposed prior mod-
el-based initialization method with the exist-
ing encoding vector initialization methods for 
three NMF-based BASS systems including the 
standard NMF [8], the NMF with the expo-
nential model-based penalty term [20], and the 
sparse NMF (SNMF) [14]. Experimental re-
sults showed that the proposed method outper-
formed conventional methods not only for the 
semi-supervised NMFs, but also supervised 
NMFs.

II. NMF-BASED AUDIO SOURCE 
SEPARATION

NMF basically decomposes the nonnegative 
data matrix V∈F N×  into the nonnegative 
basis matrix W∈F K×  and the nonnegative 
encoding matrix H∈K N×  to find the best ap-
proximation V WH≈ . It can be formulated as 
an optimization problem as follow:

    arg min | ,
W H≥ ≥0, 0

D (V WH W H) + µψ ( ) (1)

where D a b( | ) is a measure of how differ-

ent a and b are, A ≥ 0 denote element-wise 

measures between the input and reconstructed 
matrices include Euclidean distance [8], gen-
eralized Kullback-Leibler divergence (or I-di-
vergence) [8], Itakura-Saito divergence [9], 
and β-divergence [10], while multiplicative 
update rules (MuR) [8], projected-gradient 
method [11], and interior-point gradient meth-
od [12] are used for optimization. As for the 
regularization terms, sparsity constraints [13]–
[15], discriminative constraints [16], [17], and 
prior model-based constraints [18]-[26] have 
been investigated.

There have been several researches on the 
initialization of the NMF [27]–[34]. Most of 
them focused on the initialization of the basis 
matrix while a few approaches worked to ini-
tialize the encoding matrix, when both the ba-
sis and encoding matrices are jointly estimated 
as in the training phase of BASS. In contrast, 
the initialization of the encoding matrix with 
fixed basis matrix as in the source separation 
step of BASS hasn’t gotten much attention 
because the estimation of the encoding matrix 
given the data and basis matrices are consid-
ered to be a convex optimization and thus the 
initial point doesn’t matter. However, when 
the basis matrix is constructed by concatenat-
ing basis matrices that are individually trained 
for sources, it may not have a full column 
rank and the optimum encoding matrix may 
not be unique as is shown in Section III-A. 
Therefore, the initialization of the encoding 
matrix for the source separation step is not 
trivial even when the basis matrix is fixed, not 
to mention the semi-supervised NMF in which 

This paper proposes 
the initialization of the 
encoding matrix for 
the source separation 
step.

Fig. 1.  Overall block diagram of NMF-based BASS.
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for each source, where N (S ) is the number of 
frames in the test data and K K=∑ i i is the to-

tal number of bases. Because only the encod-
ing matrix is updated, (2) is iteratively applied 
for a fixed number of times or until a certain 
stopping criterion is met. As for the semi-su-
pervised NMF, there are extra bases We in ad-
dition to the trained bases which are updated 
during the source separation procedure along 
with the encoding matrix. The extra bases 
are adapted to the current input components 
that cannot be reconstructed by trained bas-
es well, which makes the source separation 
performance robust when there exist signals 
unseen during the training. The update rule is 
the same as (2) and (3) except that only a part 
of the basis matrix is updated. In fact, the su-
pervised NMF can be viewed as a special case 
of the semi-supervised NMF with zero extra 
bases. Once we have obtained We and the 

encoding matrix H H H H(S S S S) =  
 1

( ); ; ;

(
M e
) ( ) , 

each source signal is approximated as
     X W Hˆ

i i i= ∈(S ) , 1,2, , , .i M e{  }  (4)

Instead of directly use X̂i as the estimate of 
separated magnitude or power spectrogram, 
we apply Wiener filter-like gain function as

        X G V Vi = ⊗ = ⊗
∑

X̂

i X
i
ˆ

i
. (5)

Then, the separated source signal can be 
obtained through the inverse short-time Fouri-
er transform (STFT) and overlap-add method.

In [20], an NMF-based BASS based on a 
prior model for the encoding vector is pro-
posed. In this approach, the regularization 
term ψ (W H, ) for the source separation step 

is the negative log likelihood of the encoding 
matrix H where the distribution of each en-
coding vector h is modeled as an independent 
exponential distribution for which the param-
eters are obtained from the encoding matrix 
for the training data. If the distribution of h is 

modeled as p e(h) =∏k
K
=1
λk

−λk kh , ψ (W H, ) is 

given as ψ λ λ(W H, ln) = −∑ ∑n k
N K
= =

(

1 1

S )

k kn kH , 

and the MuR with KLD becomes

nonnegativity of a matrix A, and ψ (W H, ) 
is a task-specific regularization term with 
weight of µ. Popular choices for D a b( | ) 
includes the Euclidean distance, the gener-
alized Kullback-Leibler divergence (KLD), 
and the Itakura-Saito divergence, which are 
special cases of the beta divergence. The 
basic form of the MuR without the reg-
ularization term when KLD is used, i.e., 

D V V(V WH WH| log) = − +∑
f n,

fn fn[WH
Vfn

] fn

[ ] fn

, is given as

  H H← ⊗
W V WHT (

W 1T
/ ) (2)

 W W← ⊗
(V WH H/

1HT
) T

 (3)

where ⊗ and 
b
a  are element-wise multiplica-

tion and division, and Aij is (i j, )-th component 

of matrix A. MuR for other divergence mea-
sures and various regularization terms can be 
derived in similar manners.

In the NMF-based BASS, the magnitude or 
power spectrogram is used as a non-negative 
data matrix V∈F N×  where F is the number 
of frequency bins and N is the number of 
frames. The process of the NMF-based BASS 
is shown in figrue 1, which consists of the 
training and source separation steps followed 
by a filtering similar to Wiener filter. In the 
training step, the basis matrix Wi ∈ F K× i for 
each source i is obtained separately by the 
NMF analysis of the corresponding source 

signal Vi
(T ) ∈ F N× i

(T )
 where Ki is the number 

of basis vectors corresponding to the source i, 
and Ni

(T ) is the number of frames in the train-
ing data for source i.

In the separation step of basic supervised 
NMF-based BASS, NMF analysis is applied 
to the input mixture magnitude or power 

spectrogram V(S ) ∈ F N× (S )
 with a fixed basis 

matrix W W W= ∈[ 1, , M ]  F K×  which is 

the concatenation of the basis matrices trained 
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basis vectors for the sources overlap, the 
concatenated basis matrix W is not of a full 
column-rank, which implies that there exists 
at least one linearly dependent basis vector 
w wl k k=∑

k l≠
π . Then, we have ∑

k
π k kw = 0 by 

letting π l = −1. Suppose that H is the encoding 
matrix that minimizes the divergence between 
V and WH, D (V WH| ).  The divergence can 

be represented as

D d v w h(

= +

V WH

= +

∑ ∑
i j k

∑ ∑ ∑

| |

i j k k

,

,

d v w h

d v w h w

 
 
 

 
 
 

)

ij ik kj j k

ij ik kj j k ik

=

| ,

|

∑ ∑
i j k,

 
 
 

(

ij ik kj

α π

α π )

 (10)

for any constants α j's. Therefore, if we let 

g hkj kj j k= +α π , G becomes another encoding 

matrix that results in the same divergence as 
H for all values of α j for which gkj ≥ 0 for 

all k. Thus, the optimum solution for H that 
minimizes the divergence between V and WH 
is not unique in general, which makes the ini-
tialization of H in the source separation phase 
nontrivial even when the number of iterations 
is high enough.

3.2 Initialization using prior 
knowledge on encoding vectors

Unlike the basis initialization method for the 
training phase [27]–[34], only a few methods 
have been proposed to initialize the encoding 
matrix for the source separation phase in-
cluding uniform random initialization [8] and 
initialization of H as WT V [35]. Both of the 
approaches have provided decent results, but 
lack rigorous mathematical background.

The encoding matrices from the training 
phase, H(

i
T )'s, contain important information 

about how each basis was encoded. However, 
most of NMF-based BASS algorithms discard 
them but use only the trained basis vectors. 
There have been several researches to utilize 
prior models for the encoding vectors either in 
the form of a penalty term [19]–[21], or within 

     H H(S S) ← ⊗( ) W V WH
W 1 Λ

T (
T +

/
µ

) (6)

where Λ∈K N× (S )
 is the matrix with elements 

Λ =kn kλ .

Another notable modification of the stan-
dard NMF described above is the sparse NMF 
[14], which dramatically enhances the perfor-
mance of BASS. SNMF uses the regulariza-
tion term ψ (W H H, ) = 1 to enforce sparse 

encoding matrix, while the column-wise nor-

malized version of W, W =
 
 
  w w

w w

1

1

2 2

,
K

K , 

replaces W in the objective function. The ob-
jective function of SNMF is given as

      D (V WH H| . ) + µ  (7)

The MuR for the SNMF with KLD be-
comes

 H H← ⊗
W V WHT

W 1
(

T
/
+ µ

) (8)

W W← ⊗
(1 WW V WH H
(
+

V WH WW H/
 

T T(
+  

/

T T)
))

. (9)

III. INITIALIZATION FOR NMF-BASED 
BASS PROBLEM

3.1 Non-uniqueness of separation 
step

It is well known that NMF is a non-convex op-
timization problem when W and H are jointly 
estimated, which is the case for the training 
phase of the NMF-based BASS. However, 
the source separation step of the supervised 
NMF-based BASS that only estimates H giv-
en V and W is considered to be convex, and 
therefore the initialization of H in this step has 
been gathered few attention. Since, however, 
W is constructed by concatenating basis ma-
trices for the sources trained separately, Wi’s, 
the rank of W can be less than K and then the 
encoding vector that minimizes the cost func-
tion may not be unique.

Let cab denote the (a, b)-th element of 
matrix C. When the subspaces spanned by 



China Communications • September 2019 181

Fig. 2.  The histograms of encoding coefficients for the most rarely (left column) and frequently (right column) used basis vectors for speech, 
babble, f16, and white noises.
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vector, and λk is the reciprocal of the mean 

of hk estimated from H(
i
T ). Random samples 

following the PDF in (11) are generated to ini-
tialize H for source separation step using the 
MATLAB function ''exprnd'' in the statistics 
toolbox. As the power level of the test signals 
can differ from that of the training data, the 
initial encoding vector for the n-th frame, h(

n
0), 

is further modified so that the n-th data vector 
vn and the reconstructed one Wh(

n
0) has the 

same power:

 h h(
n norm n
0 0
,
) =

Wh

vn

(
n
0
2
)

2

( ) (12)

h(
n norm
0
,
)  is finally used as the initial encoding 

vector for the source separation step.

IV. EXPERIMENTS AND RESULTS

To evaluate the performance of the proposed 
initialization method, it is applied to NMF-
based source separation in which the target 
signal is speech. The divergence measure 
and the optimization method were KLD and 
MuR, respectively. The standard NMF [8], the 
NMF with a penalty term based on the prior 
model for encoding vector in [20] (ExpNMF), 
and the SNMF with normalized bases in the 
objective function [14] were employed with 
the conventional uniform-random method [8], 
the initialization by WTV [35] and our pro-
posed prior model-based initialization method. 
Both supervised and semi-supervised NMFs 
introduced in Section II were tested. The 
performance of the source separation is mea-
sured in terms of the source-to-distortion ratio 
(SDR) [38] and the ITU-T Recommendation 
P.862 perceptual evaluation of speech quality 
(PESQ) score [39].

The training and test DB were composed 
of the speech samples from TIMIT dataset 
[36] and 6 types (babble, f16, factory2, ma-
chinegun, white, leopard) of noise samples 
from NOISEX-92 dataset [37]. All datasets 
are sampled at 16kHz, and the input spec-
trogram is obtained using 512-point discrete 

Bayesian framework [18], [22]–[26]. Some of 
them estimate parameters of the prior models 
from H(

i
T ) [19]–[22], while others used fixed 

parameters that maximized the performances. 
Although these approaches utilize the infor-
mation in H(

i
T ) to modify the cost function, the 

H in the separation phase was still initialized 
as uniform random numbers.

In this paper, we propose the initialization 
of the encoding matrix for the source separa-
tion step based on prior models for H obtained 
from H(

i
T ). To select a suitable statistical 

model for H, we first analyzed the empirical 
distribution of the encoding vectors at the 
training step. We have obtained the encoding 
matrices for several source signals by the stan-
dard NMF analysis with KLD as a divergence 
measure and MuR as an optimization method. 
The signals were speech utterances in TIM-
IT database [36] and babble, F-16 and white 
noises from NOISEX-92 database [37], which 
were resampled at 16kHz. 512-point FFT was 
applied with 75% overlap to form the spectro-
gram. F and Ni

(T ) were set to 257 and 212989, 
respectively, while the number of bases were 
128 for speech and 26 for other signals. Figure 
2 shows the histograms of the encoding vector 
elements that have the smallest and largest l1-
norms, which roughly correspond to the most 
rarely and frequently used bases, respectively. 
It is clear that the distributions of components 
of H were far from the uniform distribution. 
The distributions were closer to the Rayleigh 
distribution for white noise and the exponen-
tial or gamma distribution for other signals. 
We can also see that the distribution for each 
component of H is quite different from each 
other. In this paper, we model the distributions 
for the components of H as independent expo-
nential distributions with distinct parameters 
as in [18], [20], [22]. The probability density 
function (PDF) is given by

    p e(h) =∏
k

K

=1
λk

−λk kh  (11)

where h is an encoding vector, hk is a com-
ponent of h corresponding to the k-th basis 
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except the supervised standard NMF at +5dB 
SNR. In virtue of the power normalization in 
the equation (12), the mismatch between train-
ing and test data levels didn’t degrade the per-
formances. The performances were also im-
proved for the supervised NMFs which were 
traditionally considered as convex optimiza-
tion problems, which verified our analysis on 
the non-uniqueness of the NMF solutions in 
the source separation step in Section III. A. As 
for the semi-supervised NMF which updates 
the encoding matrix along with a part of the 
basis matrix, initialization of H showed more 
influence on the performance as expected. On 
average, the proposed initialization improved 
the better of the two conventional initialization 
methods by 0.43 and 2.21dBs of SDRs and 
0.20 and 0.23 of PESQ scores for supervised 
and semi-supervised NMFs, respectively, for 
the standard NMF. The performance improve-

Fourier transform with 75% overlapped Ham-
ming windows. For the training, 175 seconds 
of speech spoken by 29 male and 29 female 
speakers and 180 seconds long noise signals 
for each type were used. As for the test, 16 
sentences from 16 speakers mixed with 6 
types of noises at -5, 0, and 5dB signal-to-
noise ratios (SNRs) were utilized. There were 
no overlap between signals or speakers used 
in training and test. For the supervised NMF, 
128 basis vectors trained for speech signal and 
21 bases trained with each type of noise were 
concatenated to form the basis matrix with 254 
bases. The numbers of bases were chosen to 
provide a good compromise between perfor-
mance and computational cost while keeping 
a balance between the target signal and inter-
ferences. As for the semi-supervised NMF, 
128 speech bases and 128 extra basis vectors 
were appended to form the basis matrix of 256 
columns without trained interference bases. 
The extra bases were initialized with uniform 
random numbers and updated in the source 
separation step according to MuR. The en-
coding matrix components corresponding to 
the extra bases were initialized with uniform 
random numbers for all compared systems be-
cause there are no prior information for them. 
The number of iterations for the training stage 
was 50. The number of iterations in the sepa-
ration step and the weight for the sparsity term 
µ were set to maximize the source separation 
performance for each method, which fell into 
the range of [0,384] for the number of iteration 
and [0.5,5] for µ, respectively.

The performances were averaged over 10 
trials with different random seeds. Table I 
and Table II show the SDR and PESQ results 
when the input SNRs were +5dB, 0dB, and 
-5dB, respectively. The speech level of the test 
data was kept the same as the training speech 
level, while the noise levels were adjusted to 
result in the required SNRs. As seen in the 
tables, the proposed initialization method 
outperformed other initialization methods in 
terms of both SDRs and PESQ scores for all 
NMF-based BASS methods and all SNRs 

Table I.  The source-to-distortion ratios (SDRs) for various initialization methods 
for each SNR averaged over 6 types of noises.

Input
SNR

Standard NMF [8] Exp NMF [20] Sparse NMF [14]

[8] [35] Prop [8] [35] Prop [8] [35] Prop

+5dB
Sup 10.44 10.82 10.80 10.53 10.98 11.36 11.78 10.82 11.84

Semi 8.61 8.14 9.66 9.35 9.13 9.75 9.80 9.77 9.87

0dB
Sup 6.00 6.64 7.04 6.05 6.74 7.57 8.10 8.19 8.22

Semi 4.73 3.27 6.96 6.37 4.98 7.28 6.86 5.86 7.46

-5dB
Sup 1.42 2.37 3.29 1.46 2.43 3.73 4.63 4.64 4.80

Semi 0.50 -1.36 3.85 3.02 0.95 6.96 3.51 2.15 4.73

Average
Sup 5.95 6.613 7.04 6.01 6.72 7.55 8.17 8.22 8.29

Semi 4.61 3.35 6.82 6.25 5.02 8.00 6.72 5.93 7.35

Table II.  The PESQ scores for various initialization methods for each 
SNR averaged over 6 types of noises.

Input
SNR

Standard NMF [8] Exp NMF [20] Sparse NMF [14]

[8] [35] Prop [8] [35] Prop [8] [35] Prop

+5dB
Sup 2.47 2.55 2.64 2.47 2.55 2.65 2.68 2.69 2.74

Semi 2.45 2.43 2.60 2.50 2.49 2.61 2.59 2.57 2.65

0dB
Sup 2.13 2.22 2.34 2.13 2.22 2.35 2.34 2.37 2.43

Semi 2.10 2.02 2.33 2.20 2.12 2.36 2.29 2.21 2.39

-5dB
Sup 1.80 1.89 2.04 1.80 1.89 2.05 2.04 2.05 2.13

Semi 1.74 1.63 2.05 1.90 1.76 2.33 1.97 1.86 2.12

Average
Sup 2.14 2.22 2.34 2.14 2.22 2.35 2.35 2.37 2.43

Semi 2.10 2.03 2.32 2.20 2.12 2.44 2.28 2.21 2.39
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V. CONCLUSION

This paper proposes the initialization of the 
encoding matrix for the source separation step. 
It is shown that even when the basis matrix 
is fixed, the optimum encoding matrix may 
not be unique when the basis matrix is con-
structed by concatenating basis matrices for 
the sources. We have proposed to initialize the 
encoding matrix by random numbers follow-
ing the prior model for which the parameters 
are estimated from the encoding matrix for the 
training data, which in turn are scaled to match 
the input power. Experimental results showed 
that the proposed method outperformed uni-
form-random initialization for both supervised 
and semi-supervised NMFs.
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