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Image Probability Distribution Based on Generalized
Gamma Function

Joon-Hyuk Chang, Member, IEEE, Jong Won Shin, Nam Soo Kim, Member, IEEE, and
Sanjit K. Mitra, Life Fellow, IEEE

Abstract—In this letter, we propose results of distribution tests
that indicate that for many natural images, the statistics of the dis-
crete cosine transform (DCT) coefficients are best approximated by
a generalized gamma function (G�F), which includes the conven-
tional Gaussian, Laplacian, and gamma probability density func-
tions. The major parameter of theG�F is estimated according to
the maximum likelihood (ML) principle. Experimental results on
a number of 2 tests indicate that theG�F can be used effectively
for modeling the DCT coefficients compared to the conventional
Laplacian and generalized Gaussian function (GGF).

Index Terms—discrete cosine transform (DCT), generalized
gamma function (G�F), maximum likelihood.

I. INTRODUCTION

THE discrete cosine transform (DCT) is widely used in
most image and video coding standards, as the coding

performance approaches that of the Karhunen–Loeve trans-
form (KLT)-based coding when the input can be modeled by
a Gauss–Markov source with high correlation [1]. In order
to design a more robust and stable image processing system,
it is very important to know the probability density function
(pdf) of the image signal in the DCT domain. In several works
in the area of image processing, the distribution of the DCT
coefficients of the natural image has been studied. A Gaussian
statistical model for the DCT coefficients of the image signal
was conjectured in [2]. In [3], the Kolmogorov–Smirnov (KS)
test on the DCT coefficients of images was carried out with
the ac coefficients assumed to have a Laplacian distribution.
Recently, it was shown that the generalized Gaussian function
(GGF), which includes the Gaussian and the Laplacian pdf
as special cases, is a better model compared to the Laplacian
for the pdf of the DCT coefficients [4]. The Laplacian and
GGF models were successfully adopted in the image coding
system for the performance improvement, respectively [3],
[5]. In addition, a variety of image processing techniques have
been developed based on the statistical modeling of the wavelet
transform [6], [7]. In other works in the area of speech pro-
cessing, the distribution of the DCT coefficients of the speech
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signal has been studied, all of which prefer the Laplacian or
GGF over the Gaussian model [8], [9].

In this letter, we propose the image distribution based on the
generalized gamma function ( ), which includes not only
the Gaussian and Laplacian pdfs but also the Gamma pdf as
special cases. Since the is controlled by a shape param-
eter, we estimate the parameter using the maximum likelihood
(ML) estimation for the natural images and tune the DCT co-
efficients data by this parameter. For verifying the performance
of the compared to the conventional Laplacian and GGF,
we use a goodness-of-fit (GOF) test. Through the GOF tests,
it is shown that for most test images, the statistics of the DCT
coefficients are best approximated by a . The organization
of this letter is as follows. Section II reviews the GGF with the
ML estimation. In Section III, the for the DCT coefficients
of testing images is proposed. Finally, the GOF tests are con-
ducted to evaluate the performance of the compared with
the conventional Laplacian and GGF, and in Section V, some
concluding remarks are drawn.

II. REVIEW OF GGF

The GGF is defined as

(1)

with

(2)

where denotes the gamma function, and and are posi-
tive real numbers. If a random variable follows the GGF, then
equals the square root of the variance of this random variables.
Because controls the distribution shape, it is termed the shape
parameter of the distribution. Observe that for the special cases

and , the GGF becomes a Laplacian and
a Gaussian pdf, respectively. Du [10] proposed the maximum
likelihood estimation (MLE) formula for unknown parameter
and of the GGF. The root of equation

(3)
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where

(4)

which is the digamma function denoting the first-order deriva-
tive of log . Equation (3) gives the ML estimate , where
the denotes the Euler constant. The ML estimate
for the standard deviation (for known ML estimate ) is given
by

(5)

III. PROPOSED IMAGE DISTRIBUTION BASED ON GENERALIZED

GAMMA FUNCTION

Similar to the GGF, the is defined by

(6)

where , , and are positive real-valued parameters. It is noted
that for or , the defines a (general) gamma
or the GGF, respectively, as special cases. Furthermore, if
and , it becomes the Gaussian pdf, and if and

, it represents the Laplacian pdf. The pdf commonly referred
to as just the “Gamma pdf” is a special case of the gamma pdf
with and . Specifically, , , and should be
estimated to test the GOF. To this end, we apply the ML criterion
to estimate the major parameters of the .

Given a length- data , with the assump-
tion that the data are mutually independent, the log-likelihood
function is given as follows:

(7)

By differentiating the log-likelihood function with respect to
three major parameters and setting them to zero, we obtain the
following three equations [11], [12]:

(8)

(9)

(10)

After a little mathematical manipulation, the ML estimate of
is obtained by the root of the single nonlinear equation [13].

(11)

Given the estimate of , it is straightforward to derive the
estimates for and . Let be the estimate of . Then

(12)

(13)

where and are the resulting estimates for and , respec-
tively. However, (11) cannot be easily solved, so we adopt the
gradient ascent algorithm to obtain the estimate of and deter-
mine the estimates of and uniquely using this value of .

To estimate the required parameters, only three statistics
should be computed over the given data as follows:

(14)

Using (12)–(14), and are easily organized by

(15)

(16)

where is the iteration index.
Since is monotonically increasing with respect

to , the value of is uniquely determined if the solution exists.
Then, the value of evolves as follows:

(17)
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Fig. 1. Images for comparison of Laplacian, GGF, and the proposed G�F.
(a) Lena. (b) Boat. (c) Barb. (d) Baboon.

TABLE I
ESTIMATED SHAPE PARAMETER ̂ FOR DIFFERENT DCT COEFFICIENTS

AND IMAGES

where is a learning rate, and is the gradient
of the log-likelihood function, quotient of dividing (7) with ,
with respect to , which is given by

(18)

It should be noted that the computational amount is reduced
significantly by storing the values of the function of the

or the inverse of it on a table.

IV. EXPERIMENTS AND RESULTS

The GOF performance was evaluated using 8 8 DCT for
several well-known 512 512 test images: Lena, Boat, Barb,
and Baboon, shown in Fig. 1. Using their respective DCT coef-
ficients, the ML estimation of the shape parameter has been
performed. The estimated shape parameter is shown in Table I.
Specifically, we carried out a GOF test. In [4], the test is
preferred over the KS test since for source coding, the devia-
tion from an assumed probability density function is more in-
teresting than deviation from a distribution.

TABLE II
� TEST RESULTS FOR LAPLACIAN, GGF, AND G�F

test compares experimental data with some given pdfs and
measures the distortion between the pdfs and data by

, where the sample space is partitioned
into intervals. Also, is the number of samples that falls into
the th interval, is the theoretical probability that a sample will
fall into the same th interval, and is the total number of sam-
ples. The smaller the value, the better the fit. For the exper-
iment, and a total iteration number for a learning
is 60 000. For , 40 for Lena, 50 for Boat and Baboon, and 60
for Barb were used in the test, which considers the data distribu-
tion of test images. Table II shows the test results under the
various DCT coefficients of test images. As can be seen from
Table II, it is evident that the proposed is a more desirable
way to characterize the DCT coefficients of the image signal
than the Laplacian and GGF in all the DCT coefficients.

V. CONCLUSIONS

In the previous literature, the distribution of the DCT coeffi-
cients of the image signal was found to follow the GGF or Lapla-
cian. However, the results given in this letter indicate that for a
larger class of images, the DCT coefficients are best modeled
by the . Specifically, the ML estimation for major param-
eter of the was carried. The performance of the has
been found to be superior to other widely used distribution func-
tions through a number of the test. From the results, we ex-
ploited a major benefit that the can be successfully applied
to the design of the image quantizer. Also, a possible extension
of this work would be achieved if we employ the for the
wavelet-based texture retrieval system [14].

ACKNOWLEDGMENT

The first author would like to thank anonymous reviewers for
helpful suggestions and comments.

REFERENCES

[1] N. S. Jayant and P. Noll, Digital Coding of Waveform. Englewood
Cliffs, NJ: Prentice-Hall, 1984, ch. 12.

[2] W. K. Pratt, Digital Image Processing. New York: Wiley, 1978, ch. 10.
[3] R. C. Reininger and J. D. Gibson, “Distributions of the two dimensional

DCT coefficients for images,” IEEE Trans. Commun., vol. COM-31, no.
6, pp. 835–839, Jun. 1983.

[4] F. Muller, “Distribution shape of two-dimensional DCT coefficients of
natural images,” Electron. Lett., vol. 28, no. 22, pp. 1935–193, Oct. 1993.

[5] R. L. Joshi and T. R. Fisher, “Comparison of generalized Gaussian and
Laplacian modeling in DCT image coding,” IEEE Signal Process. Lett.,
vol. 2, no. 5, pp. 81–82, May 1995.

[6] S. G. Mallat, “A theory for multiresolution signal decomposition: The
wavelet representation,” IEEE Trans. Pattern Anal. Mach. Intell., vol.
11, no. 7, pp. 674–693, Jul. 1989.



328 IEEE SIGNAL PROCESSING LETTERS, VOL. 12, NO. 4, APRIL 2005

[7] E. P. Simoncelli and E. H. Adelson, “Noise removal via Bayesian
wavelet coring,” in Proc. IEEE Int. Conf. Image Process., vol. 1, Sep.
1996, pp. 16–19.

[8] S. Gazor and W. Zhang, “Speech probability distribution,” IEEE Signal
Process. Lett., vol. 10, no. 7, pp. 204–207, Jul. 2003.

[9] J. -H. Chang and N. S. Kim, “Speech enhancement using warped discrete
cosine transform,” in Proc. IEEE Workshop Speech Coding, Tsukuba,
Japan, Oct. 2002, pp. 175–177.

[10] Y. Du, “Ein Sphärisch Invariantes Verbunddichtemodell Bildsignae,”
Archiv für Elektronik und Ubertragungstechnik, AEÜ, no. 3, pp.
148–159, May 1991.

[11] J. F. Lawless, Statistical Models and Methods for Lifetime Data. New
York: Wiley, 1982.

[12] A. C. Cohen and B. J. Whitten, Parameter Estimation in Reliability and
Life Span Models. New York: Marcel Dekker, 1988.

[13] H. W. Hager and L. J. Bain, “Inferential procedures for the generalized
gamma distribution,” J. Amer. Stat. Soc., vol. 65, pp. 1601–1609, 1970.

[14] M. N. Do and M. Vetterli, “Wavelet-based texture retrieval using gen-
eralized Gaussian density and Kullback–Leibler distance,” IEEE Trans.
Image Process., vol. 11, no. 2, pp. 146–158, Feb. 2002.


	toc
	Image Probability Distribution Based on Generalized Gamma Functi
	Joon-Hyuk Chang, Member, IEEE, Jong Won Shin, Nam Soo Kim, Membe
	I. I NTRODUCTION
	II. R EVIEW OF GGF
	III. P ROPOSED I MAGE D ISTRIBUTION B ASED ON G ENERALIZED G AMM

	Fig. 1. Images for comparison of Laplacian, GGF, and the propose
	TABLE I E STIMATED S HAPE P ARAMETER $ {\mathhat {\gamma }}$ FOR
	IV. E XPERIMENTS AND R ESULTS

	TABLE II $\chi ^{2}$ T EST R ESULTS FOR L APLACIAN, GGF, AND ${\
	V. C ONCLUSIONS
	N. S. Jayant and P. Noll, Digital Coding of Waveform . Englewood
	W. K. Pratt, Digital Image Processing . New York: Wiley, 1978, c
	R. C. Reininger and J. D. Gibson, Distributions of the two dimen
	F. Muller, Distribution shape of two-dimensional DCT coefficient
	R. L. Joshi and T. R. Fisher, Comparison of generalized Gaussian
	S. G. Mallat, A theory for multiresolution signal decomposition:
	E. P. Simoncelli and E. H. Adelson, Noise removal via Bayesian w
	S. Gazor and W. Zhang, Speech probability distribution, IEEE Sig
	J. -H. Chang and N. S. Kim, Speech enhancement using warped disc
	Y. Du, Ein Sphärisch Invariantes Verbunddichtemodell Bildsignae,
	J. F. Lawless, Statistical Models and Methods for Lifetime Data 
	A. C. Cohen and B. J. Whitten, Parameter Estimation in Reliabili
	H. W. Hager and L. J. Bain, Inferential procedures for the gener
	M. N. Do and M. Vetterli, Wavelet-based texture retrieval using 



